We theoretically investigate the dipolar whispering-gallery modes (WGMs) with different mode orders supported by spherical hyperbolic metamaterial (HMM) cavities consisting of alternating metal and dielectric layers. Associated with the excitations of the WGMs with the highest and the second highest mode orders, the HMM cavities are capable of creating highly enhanced and uniformly distributed local fields in the entire dielectric core region. Variation on the metal filling ratio allows for easily tuning the resonant wavelengths of WGMs over a wide spectral range. By integrating a nonlinear nanocrystal into the HMM cavities, we show enhancements of intensity of second harmonic generation up to a factor of 3.9 × 10 10 , which is two orders of magnitude higher than the largest enhancement achieved in the single-layer plasmonic core-shell cavities.
Introduction
Localized surface plasmon resonances (LSPRs) supported by metallic nanostructures have the ability to concentrate light into subwavelength volumes and give rise to strongly enhanced electromagnetic fields [1] , which enables their use in a wide range of nanophotonics technologies and devices [2] . In the past few years, great efforts have been made to further increase the maximum field enhancement by rationally designing the plasmonic nanostructures. For example, as compared to the single metal nanoparticles, dimers and nanoparticle-on-mirror nanopatch structures could produce a more intense local field with amplitude enhancement factor up to 10 2 -10 3 [3] [4] [5] . Since these coupled plasmonic nanostructures are based on the strong coupling between two nanoparticles in the dimers or between nanoparticle and its image in the nanopatches, nanometer or sub-nanometer gaps are required, which is perfectly suitable for enhance the light-matter interactions at nanometer scale [4] [5] [6] [7] [8] [9] [10] [11] [12] . For example, by exploiting high field enhancements and embedding gas or dye molecules within the nanogaps, high-harmonic generation [4] , large fluorescence and Purcell enhancement [5, 8] , and even single-molecule strong coupling have been experimentally demonstrated [7] . Although plasmonic dimers have recently been employed to enhance the third harmonic generation from the 25-nm-diameter indium tin oxide nanoparticles located at the dimer gaps [13] , the gap width has to be widened to several tens of nanometers to accommodate the relative large nonlinear nanoparticles, which could dramatically weaken the field enhancement due to the weaker coupling between paired plasmonic nanoparticles with increasing gaps [14, 15] . By coating the nonlinear nanoparticles with a thin gold shell to form plasmonic core-shell nanocavities, it has been demonstrated that the efficiency of second harmonic generation (SHG) could also be enhanced as a result of the full-utilization of the mode volume of the cavity [16] . However, for a gold nanoshell the field enhancement in the core region is typically limited to the order of 10 [17] .
In this paper, we demonstrate that spherical hyperbolic metamaterial (HMM) cavities, consisting of a dielectric nano-core wrapped by several alternating layers of metal and dielectric, could support a set of dipolar whispering-gallery modes (WGMs). Associated with the excitations of the dipolar WGMs with the highest and the second highest mode orders, the electric fields are found to be enhanced strongly and distributed uniformly within the entire core region. Furthermore, by varying the ratio of the metal shell thickness to the multilayer period, the dipolar resonances could be tuned over a wide spectral range. Such desirable characteristics make the HMM cavities integrated with a nonlinear nanocrystal core suitable for application in nanoscale efficient coherent nonlinear optical light sources. By integrating a 10-nm-radius nanocrystal into a 4-pair HMM cavity, we show enhancements of SHG intensity at a fundamental wavelength of 810 nm up to a factor of 3.9 × 10 10 , which is two orders of magnitude higher than the achievable maximum enhancement in the singlelayer plasmonic core-shell case.
Results and discussions
Figure 1(a) shows the schematic of a spherical HMM cavity, consisting of a nonlinear dielectric core (radius: r) alternately wrapped by metal (thickness: t) and dielectric (thickness: d) layers. Throughout this paper, the refractive indice of the dielectric core and shell are assumed to be n = 2.5 (e.g. BaTiO 3 ) and n = 1.5 (e.g. SiO 2 ), respectively. The problem of extinction of a plane wave by the HMM cavities embedded in the air is solved analytically using Mie theory [18] . Figure 1(b) shows the extinction efficiency spectra of the HMM cavities with the same dielectric core radius of r = 10 nm but a different number (N) of functional pairs (each pair is consisting of one dielectric layer and one metal shell layer). In the calculations, only the dipolar term (a 1 ) of Mie expansion is taken into account, since the cavity is much smaller than the wavelength. The metal is assumed to be silver and its dielectric constant ( m ε ) is taken from the experimental data of Johnson and Christy [19] . For simplicity, the thickness of the dielectric shell is set to be equal to the core radius (d = r = 10 nm). The filling ratio of the metal shell thickness to the multilayer period ( )
fixed to be f = 0.1. Under the effective medium description, the permittivity tensor of the metamaterial shell in our case takes the form of ˆˆˆê [18] . Lower mode order corresponds to a longer resonance wavelength and the maximum field enhancement localized within the more external dielectric shell layer [21] . It is seen from 3 and WGM 7 supported by 1-pair, 3-pair, and 7-pair HMM cavities, respectively. In all cases, the electric fields inside the dielectric core are found to have only one component, which is parallel to the direction of polarization of the incident electric field. The electric fields are also found to be distributed uniformly within the entire core region, which could be more clearly seen from the upper panels of Figs. 1(c)-1(e) where we analyze the electric field along the white dashed lines in the corresponding spatial distributions. For N = 1, the HMM cavity is a single-layer metal nanoshell, and the WGM 1 resonance is actually a bonding mode [22] . Although the maximum field enhancements are located on the outer surface of the nanoshell, the field enhancement inside the dielectric core could reach a value of ~33 [ Fig. 1(c) ], which is a reason that the plasmonic core-shell has been employed to enhance the SHG efficiency from a nanocrystal [16] . With increasing the number of functional pairs to N = 3, the HMM cavity is able to more tightly confine the electric fields within the dielectric core, and thus produce a higher field enhancement factor of ~77 associated with the excitation of the WGM 3 resonance [ Fig. 1(d) ], which is about 2.3 times larger than that in the 1-pair HMM cavity [ Fig. 1(c) ]. However, further increase in the number of functional pairs could lead to a drop in the field enhancement obtained inside the dielectric core, which is mainly due to the decreased excitation efficiency of the WGMN resonances resulting from the increased total thickness of the metal shells [ Fig. 1(b) ]. For example, as the number of functional pairs is increased to N = 7, the field enhancement inside the dielectric core is found to decrease to a value of ~53 [ Fig. 1(e) ]. These findings are further supported by Fig. 1(f) where we summarize the amplitude enhancement of the electric field monitored at a point 0.1 nm away from the center of the HMM cavities, which clearly presents a trend of first increase and then decrease in the field enhancement with increasing the number of functional pairs. It has already been demonstrated that in the single-layer metal nanoshell structures, the resonance wavelengths are dependent on the relative dimensions of the dielectric core and metal shell [22] . Similarly, the spectral positions of the resonances in the multilayer HMM cavity could be tuned by varying the metal filling ratio (f) [20, 21] . Figure 2(a) shows the extinction efficiency spectra of 4-pair HMM cavities with different filling ratios, where the parameters of the dielectric core (n = 2.5, r = 10 nm) and dielectric shell (n = 1.5, d = 10 nm) are the same as those used in Fig. 1(b) . In this case, the filling ratio ( )
varied by solely changing the thickness of the metal shell t. It is clearly seen from Fig. 2(a) that all the resonances can be tuned to the longer wavelengths with decreasing the filling ratio f. The amplitude enhancement of the electric field monitored at a point 0.1 nm away from the center of the HMM cavities is plotted in Fig. 2(b) as functions of the metal filling ratio and the wavelength. It is seen from Fig. 2(b) that the field enhancement associated with the excitation of each resonance follows the same trend of resonance red-shifting with decreasing the filling ratio f. As marked by the point A in Fig. 2(b) , associated with the excitation of the resonance with the highest mode order (WGM 4 ), the 4-pair HMM cavity with a filling ratio of f = 0.1 can produce the maximum field enhancement at 810 nm λ = , which is close to the output wavelength of a Ti:sapphire oscillator. Figure 2(c) shows the field distribution of WGM 4 supported by the HMM cavity with f = 0.1 corresponding to the marked point A in Fig. 2(b) . The electric field is again found to be distributed uniformly within the entire core region, and its enhancement can reach a factor of 76. For comparison, the field distribution of the WGM 1 resonance supported by a 1-pair HMM cavity is shown in Fig. 2(d) , where the dielectric core has the same radius (r = 10 nm) and refractive index (n = 2.5) as that for 4-pair HMM cavity, and the metal filling ratio is set to f = 0.12 such that the WGM 1 resonance is resonant at = 810 nm. In this case, the field enhancement inside the dielectric core could only reach a value of ~33, which is much smaller than that in the 4-pair HMM cavity [ Fig. 2(c)] .
Moreover, it is seen from Figs. 2(a) and 2(b) that the resonance with the second highest mode order (WGM 3 for N = 4) also exhibits spectral tunability and produces a relatively large field enhancement inside the cavity. As compared to the resonance WGM 4 , a larger filling ratio is required to tune the resonance WGM 3 to a given wavelength, since the resonance with a lower mode order corresponds to a longer resonance wavelength. The larger filling ratio leads to a thicker metal shell layer, which avoids the necessity for ultrathin metal film, making the multilayer HMM cavity more easily constructed. As marked by the point B in Fig. 2(b) , when the filling ratio is taken to a relatively large value of f = 0.19 the resonance WGM 3 can produce the maximum field enhancement at 810 nm λ =
. The spatial distribution of the field amplitude enhancement of the WGM 3 resonance supported by a 4-pair HMM cavity with a filling ratio of f = 0.19 [corresponding to the marked point B in (b)] is shown in Fig. 2(e) . As expected, the maximum field enhancements associated with the excitation of the WGM 3 resonance locate on the third dielectric shell layer, counting inward toward the center. Interestingly, it is seen from either the bottom or top panel of Fig. 2(e) that the field enhancement in the neighboring dielectric shell layer could induce uniformly distributed electric fields inside the dielectric core. In particular, the field amplitude enhancement within the dielectric core could reach a value of 85 [ Fig. 2(e) ], which is even higher than that achieved in the WGM4 resonance [ Fig. 2(c) ]. In the following, we demonstrate that the multilayer HMM cavities could generate SHG more efficiently than single-layer plasmonic core-shell structures. Figure 3(a) shows example calculations of the SHG enhancement (compared to the bare core) for 1-pair and 4-pair HMM cavities integrated with a BaTiO 3 nanocrystal, which are conducted using the threedimensional finite-element-method (FEM) software COMSOL Multiphysics. In the first calculation step, instead of using Mie theory, the electric fields E at the fundamental wavelength (fundamental frequency ) are re-calculated in FEM software. In the second step, the numerically obtained fundamental electric fields inside the core are directly used in and compute the nonlinear response at the second-harmonic wavelength (second-harmonic frequency 2 ), where d is the second-order nonlinear optical coefficient tensor of BaTiO 3 . As have been demonstrated above, the electric field inside the dielectric core at the WGM resonances has only one component with its direction parallel to the polarization of the incident light. Therefore, by choosing an appropriate angle between the polarization of the incident light and the c-axis of the BaTiO 3 nanocrystal, the second-order susceptibility of BaTiO 3 nanocrystal can be approximated as an isotropic value of 15.7 pm/V (corresponding to d 31 coefficient) [23] . As have been demonstrated above, for a 4-pair HMM cavity with a core radius of r = 10 nm, a dielectric shell thickness of d = 10 nm, and a filling ratio of f = 0.19 [corresponding to the marked point B in (b)], the dipolar resonance with the second highest mode order (WGM 3 ) is resonant at 810 nm. In order to tune the WGM 1 resonance supported by the 1-pair HMM cavity (single-layer core-shell structure) to the same wavelength of 810 nm, the core radius and the filling ratio are taken to be r = 4 nm and f = 0.118, respectively. It is seen from Fig. 3(a) that when the 1-pair and 4-pair HMM cavities are pumped at 810 nm, the factor of SHG enhancement in the 4-pair HMM cavity could reach a high value of 3.899 × 10 10 (open squares), which is two orders of magnitude higher than the enhancement factor of 7.573 × 10 7 achieved in the 1-pair HMM cavity (open triangles). Figure 3(b) shows the field amplitude enhancement extracted along a central cross-section-line (z = 0 nm) for the WGM 3 resonance supported by a 4-pair HMM cavity with r = d = 10 nm and f = 0.19 (red curve) and the WGM 1 resonance supported by the 1-pair HMM cavity with r = 4 nm and f = 0.118 (blue curve), which directly confirms that the field enhancement in the 4-pair HMM cavity is much higher than that in the 1-pair HMM cavity. It should be noted that r = 4 nm and f = 0.118 are the optimal parameters for a single-layer core-shell structure to achieve the maximum SHG enhancement at 810 nm. Figure 3 (a) also shows the SHG enhancement for an additional 1-pair HMM cavity with r = 10 nm and f = 0.12, which has the same core size as the 4-pair HMM cavity and is also resonant at 810 nm. In this case, the obtained SHG enhancement factor of 7.285 × 10 7 at 810 nm [solid line in Fig. 3(a) ] is indeed smaller than that in the optimal case [open triangles in Fig. 3(a) ].
Conclusions
In conclusion, we demonstrate that spherical HMM cavities composed of N (N > 1) pairs of alternating metal and dielectric layers could support a set of dipolar WGM resonances with the mode order ranging from m = 1 to m = N. As compared to the single-layer plasmonic core-shell cavity (N = 1), the multilayer HMM cavities exhibit higher field enhancements inside the dielectric core arising from the excitations of the WGM resonances with the highest more order (WGM N ) and the second highest mode order (WGM N-1 ). In both cases, the electric fields are distributed uniformly within the entire core region, and have only one component with its direction parallel to the polarization of the incident light. In addition, the spectral positions of the WGM resonances could be easily tuned over a wide range by varying the metal filling ratio in the HMM cavities. We suggest that the spherical HMM cavities can be prepared by using physical deposition process [24] or wet-chemistry method [25] [26] [27] [28] to surround a dielectric core with alternating metal and dielectric shell layers. Although only SHG enhancement has been theoretically demonstrated in the 4-pair HMM cavities integrated with a nonlinear core, the resonance tunability coupled with the ability to produce highly enhanced and uniformly distributed local fields inside the core make the HMM cavities also suitable for improving the efficiency of other nonlinear processes.
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